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Kernel Classifiers

I binary classification problem: {(xi , yi )}N
i=1, xi ∈ X ⊆ Rd ,

yi ∈ {−1, 1}
I classification function f̂ (x) = sign(f (x))

f (x) =

NXV∑
i=1

α̂iK (x̂i , x) + b (1)

I for positive definite kernel function (Schölkopf & Smola,
2002) K: feature space F ,
implicit map φ : X → F , x → φ(x)
K (x, x′) = 〈φ(x), φ(x′)〉

f (x) = 〈Ψ, φ(x)〉+ b (2)

Ψ =

NXV∑
i=1

α̂iφ(x̂i ) (3)



Sparse: Small NXV is Desirable

I Reduced Set (RS) method (Burges, 1996), given Nz << NXV ,
find z1, . . . , zNz and β1, . . . , βNz such that

‖ Ψ−
Nz∑
j=1

βjφ(zj) ‖2 (4)

is minimized

I Reduced Support Vector Machine (RSVM) (Lee &
Mangasarian, 2001)

I Relevance Vector Machine (RVM) (Tipping, 2001)





Building Sparse Large Margin Classifiers (SLMC)

I objective: given Nz > 0, build a kernel classifier, such that
NXV = Nz and the margin (Vapnik, 1995) of the classifier is
maximized.

I

min
w,ξ,b,β,Z

1

2
w>w + C

N∑
i=1

ξi (5)

subject to yi (w
>φ(xi ) + b) ≥ 1− ξi ∀i (6)

ξi ≥ 0 ∀i (7)

w =
Nz∑
i=1

βiφ(zi ) (8)

I

G (b,β,Z) =
1

2
w>w + C

N∑
i=1

ξi (9)



Gradient based Approach

I

G (b,β,Z) =
1

2
w>w + C

N∑
i=1

ξi (10)

I at any given Z, G becomes a function of b and β, denoted by
G (b,β | Z)

I

W (Z) = min
b∈R,β∈RNz

G (b,β | Z) (11)

I for any A ⊆ Rd×Nz we have

min
Z∈A

W (Z) = min
b,β,Z∈A

G (b,β,Z) (12)

I minimize W (Z): compute W (Z) and ∇W (Z)



Computing W (Z) and β: Original Problem

min
w,ξ,b,β

1

2
w>w + C

N∑
i=1

ξi (13)

subject to yi (w
>φ(xi ) + b) ≥ 1− ξi ∀i (14)

ξi ≥ 0 ∀i (15)

w =
Nz∑
i=1

βiφ(zi ) (16)



Computing W (Z) and β: Dual Problem

I dual problem

max
α∈RN

N∑
i=1

αi −
1

2

N∑
i=1

N∑
j=1

αiαjyiyj K̂z(xi , xj) (17)

subject to
N∑

i=1

yiαi = 0 (18)

and 0 ≤ αi ≤ C ∀i (19)

I modified kernel function K̂z

K̂z(xi , xj) = ψz(xi )
>(Kz)−1ψz(xj) (20)

ψz(xi ) = [K (z1, xi ), . . . ,K (zNz , xi )]
> (21)



Computing W (Z) and β: conclusion

I given Z, computing the expansion coefficients of SVM with
kernel function K is equivalent to training an SVM with a
modified kernel function K̂z .

I function value

W (Z) =
N∑

i=1

αz
i −

1

2

N∑
i

N∑
j=1

αz
i α

z
j yiyj K̂z(xi , xj) (22)

I expansion coefficients

β = (Kz)−1
N∑

i=1

αz
i yiψz(xi ) = (Kz)−1(Kzx)Yαz (23)



Computing ∇W (Z)

I function value

W (Z) =
N∑

i=1

αz
i −

1

2

N∑
i

N∑
j=1

αz
i α

z
j yiyj K̂z(xi , xj) (24)

I gradient (Chapelle et al., 2002)

∂W

∂zuv
= −1

2

N∑
i ,j=1

αz
i α

z
j yiyj

∂K̂z(xi , xj)

∂zuv
(25)



Analysis of K̂z : feature space Fz

I kernel function K , feature space F , φ(z1), . . . , φ(zNz)

I orthonormalization of φ(z1), . . . , φ(zNz)

T = (Kz)−
1
2 (26)

Uz = [φ(z1), . . . , φ(zNz )]T
> (27)

(Uz)>Uz = TKzT> = I (28)

I Subspace Fz

(Uz)>φ(x) = φz(x)

K̂z(xi , xj) = 〈φz(xi ), φz(xj)〉

I find Fz such that margin of {φz(xi ), yi}N
i=1 is maximized



Comparison with Related Approaches

I RS method, given Z, computing β to minimize
I

‖ Ψ−
Nz∑
j=1

βjφ(zj) ‖2 (29)

I

β = (Kz)−1(Kzx)Yα (30)

I modified RS method

β = (Kz)−1(Kzx)Yαz (31)

I RSVM
I XVs Z is randomly selected from the training data
I modified RSVM

I RVM: XVs are always a subset of the training data



Experimental Settings

I approaches to be compared: SVM, RS method, modified RS
method (MRS), RSVM, modified RSVM (MRSVM), RVM
and SLMC

I data sets: Banana, Breast Cancer, Waveform, German and
Image



Numerical Results

Table: Results on five classification benchmarks. (Gunnar Rätsch)

Dataset Banana B.Cancer Waveform German Image

SVM NSV 86.7 112.8 158.9 408.2 172.1
Error 11.8 28.6 9.9 22.5 2.8

RS 39.4 28.8 9.9 22.9 37.6
MRS 27.6 28.8 10.0 22.5 19.4

5% RSVM 29.9 29.5 15.1 23.6 23.6
MRSVM 28.1 29.4 14.7 23.9 20.7
SLMC 16.5 27.9 9.9 22.3 5.2

RS 21.9 27.9 10.0 22.9 18.3
MRS 17.5 29.0 9.9 22.6 6.9

10% RSVM 17.5 31.0 11.6 24.5 14.2
MRSVM 16.9 30.3 11.8 23.7 12.7
SLMC 11.0 27.9 9.9 22.9 3.6

RVM Nz/NSV (%) 13.2 5.6 9.2 3.1 20.1
Error 10.8 29.9 10.9 22.2 3.9



Summary

I SLMC, discriminating subspace Fz

I given XVs, computing the expansion coefficients, modified RS
method, modified RSVM, try on other methods

I add one more constraint to build other sparse learning
algorithms: KFD, KPCA, one-class SVM, regression, etc.
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